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Abstract: We show that the geodesic flow vector field on the unit tangent sphere bundle of a two-point
homogeneous space is both minimal and harmonic and determines a harmonic map. For a complex space
form, we exhibit additional unit vector fields on the unit tangent sphere bundle with those properties. We
find the same results for the corresponding unit vector fields on the pointed tangent bundle. Moreover, the
unit normal to the sphere bundles in the pointed tangent bundle of any Riemannian manifold always enjoys
those properties.
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1. Introduction
Let (M, g) be a Riemannian manifold and (T1 M, gS) its unit tangent sphere bundle equipped
with the Sasaki metric. Every smooth unit vector field ξ on M determines a mapping between
the Riemannian spaces (M, g) and (T1 M, gS), embedding M into its tangent unit sphere bun-
dle T1 M . This mapping is an isometry only when ξ is parallel.
If the manifold M is compact and orientable, we can define the energy of ξ as the energy of
the corresponding map and the volume of ξ as the volume of the immersion. In this way, one
defines two functionals on the space X1(M) of unit vector fields on M . A unit vector field which
is critical for the energy functional is called a harmonic vector field; one which is critical for
the volume functional is called a minimal vector field in analogy with the notions of harmonic
maps and minimal immersions. A unified approach for both cases is presented in [7]. Note
that the notions of harmonic and minimal vector fields can be extended to unit vector fields on
possibly non-compact or non-orientable manifolds.
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A trivial absolute minimum for the volume functional is attained for unit parallel vector fields,
but these do not exist on most manifolds. In [9], H. Gluck and W. Ziller proved that the Hopf
vector fields on the unit three-sphere S3 are the only unit vector fields on S3 having minimal
volume. Even though this is no longer true for higher-dimensional spheres S2n+1, n > 2, the
Hopf vector fields are still critical points for the volume functional, i.e., they are minimal vector
fields [12, 15]. In [8], it is shown that minimal vector fields correspond to minimal submanifolds
of the unit tangent sphere bundle (T1 M, gS), i.e., minimal vector fields are also critical points
for the volume functional on the larger space of all immersions of M into T1 M .
The energy of a unit vector field ξ is the same, up to constants, as the total bending of ξ .
G. Wiegmink has studied total bending of vector fields and has derived critical point condi-
tions [19]. It follows from his results that harmonic unit vector fields need not correspond to
harmonic maps, i.e., a unit vector field which is critical for the energy functional on vector
fields is not necessarily critical for the energy functional on all maps from (M, g) to (T1 M, gS).
Recent research has come up with an abundance of minimal and harmonic vector fields. The
current authors have studied radial vector fields on tubular neighbourhoods about points and
submanifolds in this respect [2]; the second author studied left-invariant minimal and harmonic
vector fields on Lie groups with K. Tsukada [17] and found new examples in the class of
three-dimensional contact metric manifolds together with J. C. Gonza´lez–Da´vila [11]. Other
examples can be found in [6, 8, 10]. Most of these minimal and harmonic vector fields however
are given on non-compact manifolds. Some examples on compact manifolds are obtained in
the study of minimality and harmonicity of Hopf vector fields on orientable real hypersurfaces
in complex space forms [18].
In this paper, we look at natural unit vector fields on the tangent bundle and the unit tangent
sphere bundle of a Riemannian manifold, equipped with the Sasaki metric. Our main result
states that the geodesic flow vector field on the unit tangent sphere bundle of a two-point
homogeneous space is both minimal and harmonic and determines a harmonic map as well. In
particular, we obtain new examples on compact manifolds. When the manifold is equipped with
a Ka¨hler structure of constant holomorphic sectional curvature, we use the complex structure
to define additional unit vector fields on the unit tangent sphere bundle which are minimal and
harmonic and determine harmonic maps. In this way, we construct a one-parameter family of
such vector fields. These results all go through for the corresponding unit vector fields on the
pointed tangent bundle T M \ M . Moreover, for any Riemannian manifold, we show that the
unit normal vector field of sphere bundles in T M \M is harmonic and minimal and determines
a harmonic map. We include some remarks about similar results for tangent sphere bundles of
radius different from 1 equipped with the Sasaki metric or with the Cheeger–Gromoll metric.
2. Harmonic and minimal vector fields
Let (M, g) be a Riemannian manifold and ∇ the associated Levi-Civita connection. Its
Riemann curvature tensor R is defined by R(X, Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X,Y ] Z for all
vector fields X , Y and Z on M . A unit vector field ξ on M can be regarded as the immersion
ξ : M → T1 M : x 7→ ξx of M into its unit tangent sphere bundle T1 M . The pull-back metric
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ξ∗gS is given by
(ξ∗gS)(X, Y ) = g(X, Y )+ g(∇Xξ,∇Y ξ).
One sees that ξ is an isometry if and only if ξ is parallel.
Now define operators Aξ and Lξ as
Aξ X = −∇Xξ,
Lξ X = X + Atξ (Aξ X)
for X ∈ T M . Then, for compact orientable manifolds M , the energy E(ξ) and the volume
Vol(ξ) of ξ are given by
E(ξ) = 1
2
∫
M
trLξ µg = n + 12 Vol(M)+
1
2
∫
M
|∇ξ |2 µg,
Vol(ξ) =
∫
M
√
det Lξ µg
whereµg is the volume form on (M, g). Note that E(ξ) is equal, up to constants, to the quantity∫
M |∇ξ |2 µg, which is known as the total bending of ξ [19].
The critical point conditions for the functionals E and Vol have been derived in [19] and [8],
respectively. For energy (or total bending), we have: ξ is a harmonic unit vector field on (M, g)
if and only if the one-form νξ given as
νξ (X) = tr(Z 7→ (∇Z Atξ )X) (1)
vanishes on ξ⊥. In terms of an orthonormal frame {E1, E2, . . . , En}, this is equivalent to the
requirement that
∑n
i=1(∇Ei Aξ )Ei is proportional to ξ . By contrast, ξ determines a harmonic
map from (M, g) to (T1 M, gS) if and only if in addition the one-form ν˜ξ , given as
ν˜ξ (X) = tr(Z 7→ R(Aξ Z , ξ)X), (2)
vanishes for all vectors X , or equivalently,
∑n
i=1 R(ξ, Aξ Ei )Ei = 0.
To describe the critical point condition for the volume functional, we first define the func-
tion fξ on M by fξ = (det Lξ )1/2 and the operator Kξ by Kξ = − fξ L−1ξ ◦ Atξ . Then ξ is a
minimal unit vector field on M if and only if the one-form ωξ given as
ωξ(X) = tr(Z 7→ (∇Z Kξ )X) (3)
vanishes on ξ⊥, or equivalently,
∑n
i=1(∇Ei K tξ )Ei is proportional to ξ . As mentioned in the
introduction, this is also the condition for ξ(M) to be a minimal submanifold of (T1 M, gS).
Clearly, the three critical conditions above also make sense if M is non-orientable or non-
compact.
The specific unit vector fields that we consider in the sequel are mostly geodesic. Then
Aξ ξ = 0 and Aξ (ξ⊥) ⊂ ξ⊥, and consequently, Atξ ξ = 0 and Atξ (ξ⊥) ⊂ ξ⊥. It follows easily
that it suffices in (1)–(3) to take the traces on ξ⊥ (cf. [10]). So, if {E1 = ξ, E2, . . . , En} is an
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orthonormal frame
νξ (X) =
n∑
i=2
g((∇Ei Atξ )X, Ei ) =
n∑
i=2
g((∇Ei Aξ )Ei , X),
ν˜ξ (X) =
n∑
i=2
g(R(Aξ Ei , ξ)X, Ei ) =
n∑
i=2
g(R(ξ, Aξ Ei )Ei , X),
ωξ (X) =
n∑
i=2
g((∇Ei Kξ )X, Ei ) =
n∑
i=2
g((∇Ei K tξ )Ei , X).
3. Tangent bundles and unit tangent sphere bundles
In this paper, we look for examples of harmonic and minimal vector fields on tangent and
unit tangent sphere bundles. For that purpose, we first recall some basic facts and formulas
about tangent bundles and fix notation. For a more elaborate exposition, we refer to [1].
The tangent bundle of a Riemannian manifold (M, g) is denoted by T M and consists of
pairs (x, u) where x is a point in M and u a tangent vector to M at x . The mapping pi : T M →
M : (x, u) 7→ x is the natural projection from T M onto M .
It is well-known fact that the tangent space to T M at (x, u) splits into the direct sum of the
vertical subspace V T M(x,u) = kerpi∗|(x,u) and the horizontal subspace H T M(x,u) with respect
to ∇ ([4]):
T(x,u)T M = V T M(x,u) ⊕ H T M(x,u).
For w ∈ Tx M , there exists a unique vector wh at the point (x, u) ∈ T M such that wh ∈
H T M(x,u) and pi∗(wh) = w. wh is called the horizontal lift of w to (x, u). There is also a
unique vector wv at the point (x, u) such that wv ∈ V T M(x,u) and wv(d f ) = w( f ) for all
functions f on M .wv is called the vertical lift ofw to (x, u). The mapsw 7→ wh andw 7→ wv are
isomorphisms between Tx M and H T M(x,u) and Tx M and V T M(x,u), respectively. Hence, every
tangent vector w ∈ T(x,u)T M can be decomposed as w = wh1 + wv2 for uniquely determined
vectors w1, w2 ∈ Tx M . The horizontal (respectively vertical) lift of a vector field X on M
to T M is the vector field Xh (respectively Xv) on M whose value at the point (x, u) is the
horizontal (respectively vertical) lift of Xx to (x, u).
Further, if T is a tensor field of type (1, s) on M and X1, . . . , Xs−1 are vector fields on M ,
then we denote by (T (X1, . . . , u, . . . , Xs−1))v (respectively (T (X1, . . . , u, . . . , Xs−1))h) the
vertical (respectively horizontal) vector field on T M which, at a point (x, w) takes the value
T (X1x , . . . , w, . . . , Xs−1 x)v (respectively T (X1x , . . . , w, . . . , Xs−1 x)h). Note that this is not
the vertical (respectively horizontal) lift of a vector field on M .
Take now a local coordinate system (x1, . . . , xn) on an open subset U of M . On pi−1(U ) we
define coordinates (x1, . . . , xn; u1, . . . , un) as follows:
xi (x, u) = (xi ◦ pi)(x, u) = xi (x), ui (x, u) = dxi (u) = uxi ,
for i = 1, . . . , n and (x, u) ∈ pi−1(U ). With respect to this coordinate system, the horizontal
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and vertical lifts of a vector field X =∑ni=1 Xi ∂/∂xi on U are given by
Xh =
n∑
i=1
(Xi ◦ pi) ∂
∂xi
−
n∑
i, j,k=1
uk((X j0ijk) ◦ pi)
∂
∂ui
, (4)
Xv =
n∑
i=1
(Xi ◦ pi) ∂
∂ui
, (5)
where 0ijk are the local components of ∇, i.e., ∇∂/∂x j ∂/∂xk =
∑n
i=1 0
i
jk ∂/∂x
i ([4]). In these
coordinates we also have
(T (X1, . . . , u, . . . , Xs−1))v =
n∑
i=1
ui (T (X1, . . . ,
∂
∂xi
, . . . , Xs−1))v,
(T (X1, . . . , u, . . . , Xs−1))h =
n∑
i=1
ui (T (X1, . . . ,
∂
∂xi
, . . . , Xs−1))h.
The tangent bundle T M of a Riemannian manifold (M, g) can be endowed in a natural way
with a Riemannian metric gS , the Sasaki metric, depending only on the Riemannian structure g
of the base manifold M . It is uniquely determined by
gS(Xh, Y h) = gS(Xv, Y v) = g(X, Y ) ◦ pi, gS(Xh, Y v) = 0 (6)
for all vector fields X and Y on M . The Levi-Civita connection ∇˜ of gS can be calculated easily.
For vector fields X and Y on M and (x, u) ∈ T M , we have (cf. [13])
∇˜XvY v = 0, ∇˜XvY h = 12 (R(u, X)Y )h,
∇˜XhY v = (∇X Y )v + 12 (R(u, Y )X)h, ∇˜XhY h = (∇X Y )h − 12 (R(X, Y )u)v.
(7)
The curvature tensor R˜ is determined by
R˜(Xv, Y v)Zv = 0,
R˜(Xv, Y v)Zh = (R(X, Y )Z)h + 14([R(u, X), R(u, Y )]Z)h,
R˜(Xh, Y v)Zv = − 12(R(Y, Z)X)h − 14(R(u, Y )R(u, Z)X)h,
R˜(Xh, Y v)Zh = 12(R(X, Z)Y )v − 14(R(X, R(u, Y )Z)u)v
+ 12((∇X R)(u, Y )Z)h,
R˜(Xh, Y h)Zv = (R(X, Y )Z)v
+ 14
(
R(Y, R(u, Z)X)u − R(X, R(u, Z)Y )u)v
+ 12
(
(∇X R)(u, Z)Y − (∇Y R)(u, Z)X
)h,
R˜(Xh, Y h)Zh = (R(X, Y )Z)h + 12(R(u, R(X, Y )u)Z)h
− 14
(
R(u, R(Y, Z)u)X − R(u, R(X, Z)u)Y )h
+ 12((∇Z R)(X, Y )u)v
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for vector fields X , Y and Z on M .
Next, we consider the hypersurface T1 M , the unit tangent sphere bundle, consisting of the
unit tangent vectors to (M, g). T1 M is given implicitly by the equation gx(u, u) = 1. A unit
normal vector field N on T1 M is the (vertical) vector field uv =
∑n
i=1 u
i (∂/∂xi )v.
We introduce some more notation. Ifw ∈ Tx M , we define the tangential lift ofw to (x, u) ∈
T1 M by
wt = wv − g(w, u) N . (8)
Clearly, the tangent space to T1 M at (x, u) is then spanned by vectors of the form wh and wt
where w ∈ Tx M . Note that ut = 0. The tangential lift of a vector field X on M to T1 M is the
vertical vector field X t on T1 M whose value at the point (x, u) ∈ T1 M is the tangential lift of Xx
to (x, u). For the sake of notational clarity, we will use X as a shorthand for X − g(X, u)u.
Then X t = Xv.
Next, we consider T1 M with the metric induced from the Sasaki metric gS of T M , which
we also denote by gS . Its Levi-Civita connection ∇ is described completely by
∇X tY t = −g(Y, u) X t, ∇X tY h = 12 (R(u, X)Y )h,
∇XhY t = (∇X Y )t + 12 (R(u, Y )X)h, ∇XhY h = (∇X Y )h − 12 (R(X, Y )u)t
(9)
for vector fields X and Y on M . Its Riemann curvature tensor R is given by
R(X t, Y t)Z t = −g(X , Z) Y t + g(Z , Y ) X t,
R(X t, Y t)Zh = (R(X , Y )Z)h + 14([R(u, X), R(u, Y )]Z)h,
R(Xh, Y t)Z t = − 12(R(Y , Z)X)h − 14(R(u, Y )R(u, Z)X)h,
R(Xh, Y t)Zh = 12(R(X, Z)Y )t − 14(R(X, R(u, Y )Z)u)t
+ 12((∇X R)(u, Y )Z)h,
R(Xh, Y h)Z t = (R(X, Y )Z)t
+ 14
(
R(Y, R(u, Z)X)u − R(X, R(u, Z)Y )u)t
+ 12
(
(∇X R)(u, Z)Y − (∇Y R)(u, Z)X
)h,
R(Xh, Y h)Zh = (R(X, Y )Z)h + 12(R(u, R(X, Y )u)Z)h
− 14
(
R(u, R(Y, Z)u)X − R(u, R(X, Z)u)Y )h
+ 12((∇Z R)(X, Y )u)t
for vector fields X , Y and Z on M . (See [1].)
4. The geodesic flow vector field on the unit tangent sphere bundle
On the unit tangent sphere bundle of any Riemannian manifold (M, g), there is a distin-
guished vector field, namely the geodesic flow vector field ξ = uh =∑ni=1 ui (∂/∂xi )h. For the
Sasaki metric on T1 M , this vector field is unit and geodesic. We now investigate whether it can
be minimal or harmonic, or whether it can determine a harmonic map.
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The calculations needed in this section (and also in the following ones) are quite lengthy,
but never tricky. We use only the coordinate expressions (4) and (5) for the horizontal and
the vertical lifts, the ones for tangential lifts, the Levi-Civita connection (9) (or (7)) and the
Riemann curvature tensor of (T1 M, gS) (or (T M, gS)). We now compute expressions for the
operator Aξ explicitly. This is a typical computation in the present framework and we will omit
similar detailed computations later on.
For a vector field X =∑ni=1 Xi∂/∂xi on M , we calculate
Aξ Xh = −∇Xhuh = −∇Xh
( n∑
i=1
ui
( ∂
∂xi
)h)
= −
n∑
i=1
Xh(ui )
( ∂
∂xi
)h
−
n∑
i=1
ui∇Xh
( ∂
∂xi
)h
=
n∑
i, j,k=1
uk(X j0ijk ◦ pi)
( ∂
∂xi
)h
−
n∑
i=1
ui
((
∇X ∂
∂xi
)h
− 1
2
(
R
(
X,
∂
∂xi
)
, u
)t)
=
n∑
k=1
uk
(
∇X ∂
∂xk
)h
−
n∑
i=1
ui
(
∇X ∂
∂xi
)h
+ 12(R(X, u)u)t
= 12(R(X, u)u)t,
Aξ X t = −∇X tuh = −∇X t
( n∑
i=1
ui
( ∂
∂xi
)h)
= −
n∑
i=1
X t(ui )
( ∂
∂xi
)h
−
n∑
i=1
ui∇X t
( ∂
∂xi
)h
= −
n∑
i=1
(Xi − g(X, u)ui )
( ∂
∂xi
)h
−
n∑
i=1
ui
1
2
(
R(u, X)
∂
∂xi
)h
= −(X − g(X, u)u)h − 12(R(u, X)u)h
= −Xh + 12(R(X, u)u)h.
If we denote by Ru the Jacobi operator associated to the unit vector u, i.e., Ru = R(· , u)u, we
rewrite
Aξ Xh = 12(Ru X)t, Aξ X t = −Xh + 12(Ru X)h. (10)
For Atξ , we get
Atξ X
h = −X t + 12(Ru X)t, Atξ X t = 12(Ru X)h. (11)
Then we find for the operator Lξ = Id+ Atξ ◦ Aξ :
Lξ Xh = Xh + 14(R2u X)h, Lξ X t = 2X t − (Ru X)t + 14(R2u X)t. (12)
Hence, det Lξ (x, u) = det(Id+ 14 R2u)|u⊥ ×det(2 Id− Ru+ 14 R2u)|u⊥ . From this it follows readily
that fξ = (det Lξ )1/2 is constant on fibres if (M, g) is a pointwise Osserman space and that fξ is
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globally constant if (M, g) is globally Osserman. Recall that a Riemannian manifold (M, g) is
pointwise Osserman if, at each x ∈ M , the eigenvalues (including multiplicities) of the Jacobi
operators Ru do not depend on the unit vector u ∈ Tx M . If they are also independent of x ∈ M ,
then the manifold is globally Osserman. (See, e.g., [5].)
To calculate covariant derivatives, it suffices to know the covariant derivatives of Aξ and Atξ .
Indeed, we have
∇ Z Lξ = (∇ Z Atξ ) ◦ Aξ + Atξ ◦ (∇ Z Aξ ),
∇ Z L−1ξ = −L−1ξ ◦ (∇ Z Lξ ) ◦ L−1ξ , (13)
∇ Z K tξ = −Z( fξ ) Aξ ◦ L−1ξ − fξ (∇ Z Aξ ) ◦ L−1ξ − fξ Aξ ◦ (∇ Z L−1ξ ).
It turns out we only need the following covariant derivatives of Aξ and Atξ :
(∇Xh Aξ )Y h = 12((∇X R)(Y, u)u)t − 12(R(X, Y )u)h
+ 14
(
R(u, R(Y, u)u)X + R(R(X, Y )u, u)u)h,
(∇X t Aξ )Y t = g(X , Y ) uh − (R(u, Y )X)h − 14(R(X, u) R(Y, u)u)h,
(∇Xh Atξ )Y t = 12((∇X R)(Y, u)u)h + 12(R(u, Y )X)t
− 14
(
R(X, R(Y, u)u)u + R(R(u, Y )X, u)u)t,
(∇X t Atξ )Y h = g(u, Y ) X t − (R(X , Y )u)t − 14(R(R(u, X)Y, u)u)t
which can be computed in a straightforward way using the coordinate expressions (4), (5)
and (8) for horizontal and tangential lifts, the formulas (9) for the Levi-Civita connection and
the explicit form (10) and (11) for the operator Aξ and its transpose.
Now, fix a unit vector u at a point x in M . As the Jacobi operator Ru is symmetric, it is
diagonalizable. So, take an orthonormal basis (u = e1, e2, . . . , en) for Tx M such that Ruei =
λi ei , i = 2, . . . , n. Then, at (x, u) ∈ T1 M
Aξuh = 0, Atξuh = 0,
Aξehi = (λi/2) eti , Atξehi = (λi/2− 1) eti ,
Aξeti = (λi/2− 1) ehi , Atξeti = (λi/2) ehi ,
Lξuh = uh, Lξehi = (1+ (λi/2)2) ehi , Lξeti = (1+ (λi/2− 1)2) eti .
With this notation, we have
1) ξ = uh is a harmonic vector field if and only if ∑ni=2 ((∇ehi Aξ )ehi + (∇eti Aξ )eti) is
proportional to ξ . This yields the conditions
n∑
i=2
g((∇ei R)(ei , u)u, e j ) = 0, (14)
n∑
i=2
(λi − 2)g(Rei u, e j ) = 0 (15)
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for all j = 2, . . . , n. (We note that (14) is equivalent to the Ricci tensor ρ being a Codazzi
tensor.)
2) ξ = uh determines a harmonic map from T1 M into T1(T1 M) if and only if in addition∑n
i=2
(
R(uh, Aξehi )ehi +R(uh, Aξeti )eti
) = 0. Using the expressions for Aξ and for the curvature
tensor R, we obtain the conditions
n∑
i=2
(λi − 1)g((∇u R)(u, ei )ei , u) = 0, (16)
n∑
i=2
(
2(λi − 1) g((∇u R)(u, ei )ei , e j )+ (λi − 2) g((∇ei R)(ei , u)u, e j )
) = 0, (17)
n∑
i=2
(
(3λi − 4)+ λ j (λi − 1)
)
g(Rei u, e j ) = 0 (18)
for all j = 2, . . . , n.
3) ξ = uh is a minimal vector field if and only if∑ni=2 ((∇ehi K tξ )ehi + (∇eti K tξ )eti) is propor-
tional to ξ . This results, after some computations, in the conditions
λ j ehj ( fξ ) = fξ
n∑
i=2
λiλ j − 4
λ2i + 4
g((∇ei R)(ei , u)u, e j ), (19)
(λ j − 2) etj ( fξ ) = fξ
n∑
i=2
P(λi , λ j )
((λi − 2)2 + 4)(λ2i + 4)
g(Rei u, e j ) (20)
for all j = 2, . . . , n, where P(x, y) is the polynomial
P(x, y) = −x3(y2−3y+6)+ x2(3y2−10y+24)−2x(3y2−10y+20)+4(y2−2y+8).
From these expressions, we deduce
Theorem 1. Let (M, g) be a two-point homogeneous space. Then the geodesic flow vector
field ξ on the unit tangent sphere bundle (T1 M, gS) is both minimal and harmonic and deter-
mines a harmonic map.
Proof. The proof is based on two observations. First, a two-point homogeneous space is
locally symmetric, so conditions (14), (16) and (17) are already satisfied and the right-hand
side of (19) vanishes. Second, the Jacobi operators Ru have very special properties. On the
one hand, two-point homogeneous spaces are globally Osserman, so the eigenvalues of the
Jacobi operators Ru are the same for all unit vectors u at all points x of M . As a consequence,
the eigenvalue functions λi are constants and hence, so is the function fξ . This implies that
the left-hand side of both (19) and (20) vanishes. On the other hand, we have the following
property: if u and v are orthogonal unit vectors such that Ruv = λ v, then also Rvu = λ u. (See,
e.g., [3].) So, in (15), (18) and (20), Rei u is proportional to u. The proposition follows. ¤
Remark 1. From the above theorem, we obtain new examples of minimal and harmonic vector
fields on compact manifolds, namely if the base space is a compact two-point homogeneous
space.
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Remark 2. Most of the results on minimal vector fields in [10] are based on the notion
of a strongly normal unit vector field. A unit vector field ξ is called strongly normal if
g((∇X Aξ )Y, Z) = 0 for all vector fields X , Y and Z orthogonal to ξ . It follows immedi-
ately that such a vector field, if it is geodesic, is a harmonic vector field. Also minimal-
ity follows, see [10]. Note that for a strongly normal vector field ξ , the curvature property
R(X, Y )ξ = (∇Y Aξ )X − (∇X Aξ )Y = 0 holds for all vector fields X and Y orthogonal to ξ .
On unit tangent sphere bundles, with ξ the geodesic flow vector field, this curvature condition
is satisfied if and only if the base space has constant sectional curvature (see the proof of The-
orem 6.1 in [1]). For these manifolds, it is easily checked that the geodesic flow vector field is
strongly normal. In this way, one gets an alternative proof for the fact that the geodesic flow
vector field on the unit tangent sphere bundle of a space of constant curvature is minimal and
harmonic.
For low dimensions, we can prove the converse of Theorem 1.
Proposition 2. Suppose that the geodesic flow vector field ξ on (T1 M, gS) is either harmonic
or minimal or determines a harmonic map. If the dimension of M equals two or three, then
(M, g) has constant curvature.
Proof. If M is a two-dimensional manifold, then R(X, Y )Z = a (g(Y, Z)X − g(X, Z)Y ). If
u is a unit vector and v is orthogonal to u and also unit, then Ruv = av. Condition (14) then
gives v(a) = 0. Hence, if ξ = uh is harmonic or determines a harmonic map, then a is constant
and (M, g) is a space of constant curvature. The same conclusion follows from condition (19)
for minimality.
For a three-dimensional manifold (M, g), the computations are much harder. Here we use the
fact that the Riemann curvature tensor is built from the Ricci tensor ρ and the scalar curvature τ :
for the (0, 4)-form of the curvature tensor we have R = ρ ∧© g − 14τg ∧© g where ∧© is the
Kulkarni–Nomizu product of symmetric (0, 2)-tensors defined by
(h ∧© k)(X, Y, Z , V ) = h(X, V ) k(Y, Z)+ h(Y, Z) k(X, V )
− h(X, Z) k(Y, V )− h(Y, V ) k(X, Z).
Now, take a local orthonormal frame (E1, E2, E3) of eigenvectors of the Ricci curvature,
ρ(Ei , E j ) = δi jρi . Then we have
R(E2, E1)E1 = 2k3 E2, R(E3, E1)E1 = 2k2 E3,
R(E3, E2)E2 = 2k1 E3, R(E1, E2)E2 = 2k3 E1, (21)
R(E1, E3)E3 = 2k2 E1, R(E2, E3)E3 = 2k1 E2,
with ki = (τ−2ρi )/4, i = 1, 2, 3. From (21), we see at once that condition (15) for harmonicity
of the geodesic flow vector field is satisfied for u = Ei , i = 1, 2, 3. Therefore, we consider
a unit vector u = cosα E1 + sinα E2 for α ∈ R at x ∈ M . If we define unit vectors v =
− sinα E1 + cosα E2 and w = E3, then (u, v, w) is an orthonormal basis of Tx M and
Ruv = 2k3v, Ruw = 2(k1 sin2 α + k2 cos2 α)w,
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i.e., v and w are eigenvectors for the Jacobi operator Ru . Further,
Rvu = 2k3u, Rwu = 2(k1 sin2 α + k2 cos2 α) u + 2 cosα sinα (k1 − k2) v.
Condition (15) then yields, for e j = v,
0 = 4 cosα sinα (k1 − k2)(k1 sin2 α + k2 cos2 α − 1).
Since this must hold for all α ∈ R, we get k1 = k2. Starting from unit vectors u of the form
u = cosα E1 + sinα E3, we find k1 = k3. Hence also ρ1 = ρ2 = ρ3 and (M3, g) has constant
curvature.
The computations for the case of a minimal geodesic flow vector field ξ are more involved. We
only sketch the procedure and omit the calculations here. A first problem is computing the deriva-
tives of the function fξ at arbitrary points (x, u) of T1 M . Recall that fξ = (det Lξ )1/2. Hence,
Z( fξ ) = (2 det Lξ )−1 fξ Z(det Lξ ). In order to compute Lξ at (x, u), we extend the operator Aξ
on T(x,u)T1 M to an operator A˜ξ on the tangent space to the whole tangent bundle at (x, u) by
putting A˜ξ (uv) = 0. Then, the transpose A˜tξ extends Atξ and satisfies A˜ξ (uv) = 0. Consequently,
the operator L˜ξ = Id + A˜tξ ◦ A˜ξ on T(x,u)T M has the same determinant as Lξ on T(x,u)T1 M ,
and it can be computed with respect to the orthonormal frame (Ev1, Ev2, Ev3, Eh1, Eh2, Eh3) at
any unit vector u = u1 E1 + u2 E2 + u3 E3, u21 + u22 + u23 = 1. In this way, one sees that
X t(det Lξ )(x,Ei ) = 0, for all tangent vectors X to M at x and i = 1, 2, 3. Then, taking also (21)
into account, (20) is seen to hold at (x, Ei ), i = 1, 2, 3.
Again, we consider a unit vector u of the form u = cosα E1 + sinα E2 for α ∈ R and we
define unit vectors v and w as before. Condition (20), where we take e j = v, then reduces to
2(k3 − 1) vt( fξ ) =
fξ cosα sinα (k1 − k2) P(2(k1 sin
2 α + k2 cos2 α), 2k3)
8(1+ (k1 sin2 α + k2 cos2 α − 1)2)(1+ (k1 sin2 α + k2 cos2 α)2)
.
(22)
One can compute that
vt( fξ ) = fξ2
vt(det Lξ )
det Lξ
= 2 fξ cosα sinα (k1 − k2)
×
( k1 sin2 α + k2 cos2 α
1+ (k1 sin2 α + k2 cos2 α)2
+ k1 sin
2 α + k2 cos2 α − 1
1+ (k1 sin2 α + k2 cos2 α − 1)2
)
.
Then (22) can only hold for all α ∈ R if and only if k1 = k2. Similarly, starting with the unit
vector u = cosα E2+ sinα E3, we find k2 = k3. So again (M3, g)must be Einstein, and it has
constant sectional curvature. ¤
Remark 3. The proof above shows that the geodesic flow vector field on the unit tangent
sphere bundle is not minimal or harmonic for every Riemannian manifold. Theorem 1 and
Proposition 2 naturally lead to the question: are the two-point homogeneous spaces the only
Riemannian manifolds for which the geodesic flow vector field on the unit tangent sphere bundle
is minimal or harmonic, or determines a harmonic map?
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Remark 4. Instead of working on the unit tangent sphere bundle T1 M , one could also consider
tangent sphere bundles Tr M of arbitrary radius r , equipped with the Sasaki metric. For the
(scaled) geodesic flow vector field ξ = uh/r on these spaces, the results in Theorem 1 continue
to hold, as can easily be checked starting from the formulas in [14] for the connection and the
curvature of (Tr M, gS).
As a second generalization of Theorem 1, one could start from the Cheeger–Gromoll met-
ric gCG on T M , defined by
gCG(Xh, Y h) = g(X, Y ),
gCG(Xh, Y v) = 0,
gCG(Xv, Y v) = 11+ |u|2 (g(X, Y )+ g(X, u)g(Y, u))
for vector fields X and Y on M . The tangent sphere bundles Tr M equipped with the metric
induced from gCG do not yield anything new, as the maps
φr : (Tr M, gCG)→ (Tr/√1+r2 M, gS): (x, u) 7→
(
x,
u√
1+ r2
)
are isometries for all r > 0. In particular, Theorem 1 is valid also for arbitrary tangent sphere
bundles equipped with the Cheeger–Gromoll metric.
5. Unit tangent sphere bundles of complex space forms
On the unit tangent sphere bundle of a general Riemannian manifold (M, g), the geodesic
flow vector field is the only naturally distinguished vector field. When (M, g)has more structure,
this may give rise to additional naturally defined vector fields on T1 M . So, let (M, g, J ) be
a Ka¨hler space of constant holomorphic sectional curvature c. Its curvature tensor is given
explicitly by
R(X, Y )Z = 14 c
(
g(Y, Z)X − g(X, Z)Y
+ g(JY, Z)J X − 2g(J X, Y )J Z − g(J X, Z)JY ). (23)
We already know that ξ = uh, the geodesic flow vector field on (T1 M, gS), is harmonic and
minimal and determines a harmonic map. Using the complex structure J , we define other unit
vector fields on T1 M with those properties.
First, consider the unit vector field ξ1 = (Ju)t =
∑n
i=1 u
i (J (∂/∂xi ))t . This is a unit geodesic
vector field on (T1 M, gS) and the operator A1 = −∇ξ1 is given by
A1 X t = −(J X)t, A1 Xh = − 12(R(u, Ju)X)h
and for its transpose, we have
At1 X
t = (J X)t, At1 Xh = 12(R(u, Ju)X)h.
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Again, we only need a few covariant derivatives of A1 and At1 in the calculations:
(∇X t A1)Y t = g(X , Y )(Ju)t + g(JY , u)X t,
(∇Xh A1)Y h = 14(R(X, R(u, Ju)Y )u)t − 12(J R(X, Y )u)t,
(∇X t At1)Y t = −g(X , Y )(Ju)t − g(JY , u)X t,
(∇Xh At1)Y h = − 14(R(X, R(u, Ju)Y )u)t + 12(J R(X, Y )u)t.
Here we used the fact that (M, g, J ) is a locally symmetric space, i.e., ∇R = 0.
Next, take an orthonormal basis of the form (e1 = u, e2 = Ju, e3, . . . , en). Using the
expressions above for the covariant derivatives of A1 together with the Riemann curvature
tensor given by (23), we see easily that
n∑
i=3
(
(∇eti A1)eti + (∇ehi A1)ehi
)+ (∇uh A1)uh + (∇(Ju)h A1)(Ju)h ∼ (Ju)t
and ξ1 is a harmonic vector field.
In the same vein, using also the curvature R of (T1 M, gS), we easily find
n∑
i=3
(
R((Ju)t, A1eti )e
t
i + R((Ju)t, A1ehi )ehi
)
+ R((Ju)t, A1uh)uh + R
(
(Ju)t, A1(Ju)h
)
(Ju)h = 0.
Consequently, ξ1 determines a harmonic map.
In order to show that ξ1 is also minimal, the computations are more involved, though never
difficult. Here, we need the formulas (13) for the covariant derivatives of L1, L−11 and K1. It is
then straightforward to derive that
n∑
i=3
(
(∇eti K t1)eti + (∇ehi K t1)ehi
)+ (∇uh K t1)uh + (∇(Ju)h K t1)(Ju)h
is proportional to (Ju)t. This proves
Theorem 3. On the unit tangent sphere bundle (T1 M, gS) of a complex space form (M, g, J ),
the unit vector field ξ1 = (Ju)t is both harmonic and minimal and it determines a harmonic map.
A second distinguished vector field on T1 M is ξ2 = (Ju)h =
∑n
i=1 u
i (J ∂/∂xi )h. This is
also a unit geodesic vector field on (T1 M, gS). This time, the operator A2 = −∇ξ2 is given by
A2 X t = −(J X)h + 12(R(X, u)Ju)h, A2 Xh = 12(R(X, Ju)u)t
and its transpose by
At2 X
t = 12(R(X, u)Ju)h, At2 Xh = (J X)t + 12(R(X, Ju)u)t.
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The necessary covariant derivatives for this situation are
(∇X t A2)Y t = g(X , Y )(Ju)h − 14(R(X, u) R(Y, u)Ju)h
− 12
(
R(X , Y )Ju + R(u, X)JY + R(u, Y )J X)h,
(∇Xh A2)Y h = − 12(J R(X, Y )u)h
+ 14
(
R(u, R(Y, Ju)u)X + R(R(X, Y )u, u)Ju)h,
(∇X t At2)Y h = −g(u, JY )X t + 12
(
R(Y, J X)u + R(Y, Ju)X)t
− 12(J R(u, X)Y )t − 14(R(R(u, X)Y, Ju)u)t,
(∇Xh At2)Y t = − 12(J R(u, Y )X)t
− 14
(
R(X, R(Y, u)Ju)u + R(R(u, Y )X, Ju)u)t.
Now, one proceeds as before to obtain
Theorem 4. On the unit tangent sphere bundle (T1 M, gS) of a complex space form (M, g, J ),
the unit vector field ξ2 = (Ju)h is both harmonic and minimal and it determines a harmonic map.
Actually, we have a one-dimensional family of special horizontal unit vector fields.
Theorem 5. On the unit tangent sphere bundle (T1 M, gS) of a complex space form (M, g, J ),
the unit vector field ξα = cosα uh+sinα (Ju)h is both harmonic and minimal and it determines
a harmonic map for every α ∈ R.
The proof is completely analogous to the ones before. So we have a wealth of minimal harmonic
vector fields on the unit tangent sphere bundle of a complex space form. Again, the above
results continue to hold for arbitrary tangent sphere bundles Tr M with the Sasaki metric gS or
the Cheeger–Gromoll metric gCG .
6. Unit vector fields on the tangent bundle
On the tangent bundle T M of a general Riemannian manifold (M, g), equipped with the
Sasaki metric gS , there are a priori no distinguished unit vector fields. If we restrict to the
pointed tangent bundle (T M \ M, gS) however, we can consider the unit outward normal to
the tangent sphere bundles of varying radius. It is given by N = uv/r , where the function r is
given by r2(x, u) = gx(u, u). This is a unit geodesic vector field on (T M \ M, gS). We prove
Theorem 6. For any Riemannian manifold (M, g), the unit vector field N = uv/r is both
harmonic and minimal and determines a harmonic map.
Proof. Before starting the actual proof, we first calculate the derivatives of the function r
on T M \M . This will be needed in the computations that follow. We have, using the coordinate
Harmonic and minimal vector fields 91
expressions (4) and (5) for vertical and horizontal lifts,
Xv(r) = 1
2r
Xv(gx(u, u)) = 12r X
v
( n∑
i, j=1
gi j ui u j
)
= 1
2r
n∑
i, j=1
(gi j X i u j + gi j ui X j )
= g(X, u)
r
,
Xh(r) = 1
2r
Xh
( n∑
i, j=1
gi j ui u j
)
= 1
2r
n∑
i, j=1
(
X (gi j )ui u j + gi j Xh(ui ) u j + gi j ui Xh(u j )
)
= 1
2r
n∑
i, j=1
ui u j
(
X
(
g
( ∂
∂xi
,
∂
∂x j
))
− g
(
∇X ∂
∂xi
,
∂
∂x j
)
− g
( ∂
∂xi
,∇X ∂
∂x j
))
= 0.
Then one computes easily
AN Xv = AtN Xv = −
1
r
Xv + g(X, u)
r2
N , AN Xh = AtN Xh = 0,
and hence
L N Xv = 1+ r
2
r2
Xv − g(X, u)
r3
N , L N Xh = Xh.
So, f 2N = det L N = (1+ 1/r2)n−1 and fN is constant on the tangent sphere bundles.
For the covariant derivatives of AN we get
(∇˜Xv AN )Y v = g(Y, u)
r3
Xv + g(X, u)
r3
Y v +
(g(X, Y )
r2
− 3 g(X, u) g(Y, u)
r4
)
N ,
(∇˜Xh AN )Y h = −
1
2r
(R(X, Y )u)v.
Now let {E1, . . . , En} be a local orthonormal frame field. Then we have
n∑
i=1
(∇˜Evi AN )Evi + (∇˜Ehi AN )Ehi =
n − 1
r2
N ,
so N is harmonic. Further, using the expressions for the curvature tensor R˜ of (T M, gS), we
get
n∑
i=1
(
R˜(N , AN Evi )E
v
i + R˜(N , AN Ehi )Ehi
) = 0
and so N also determines a harmonic map.
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To show that N is also minimal, first note that
L−1N X
v = r
2
1+ r2 X
v + g(X, u)
r(1+ r2) N , L
−1
N X
h = Xh
and consequently,
KN Xv = fN
( r
1+ r2 X
v − g(X, u)
1+ r2 N
)
, KN Xh = 0.
Note that KN is a symmetric operator.
Now we compute
n∑
i=1
(
(∇˜Evi K tN )Evi + (∇˜Ehi K tN )Ehi
)
=
n∑
i=1
(∇˜Evi KN )Evi + (∇˜Ehi KN )Ehi =
n∑
i=1
∇˜Evi (KN Evi ) = − fN
n − 1
1+ r2 N .
Hence, N is a minimal vector field. ¤
Remark 5. If we consider the Cheeger–Gromoll metric gCG on T M \M , then the unit vector
field N = uv/r is still harmonic and minimal, but it does not determine a harmonic map any
longer. (Use the expressions for the curvature tensor of (T M, gCG) as given in [16].)
A second unit vector field on (T M \ M, gS) is the normalized geodesic flow vector field
ξ = uh/r . In a similar way as for Theorem 1 we can show
Theorem 7. Let (M, g) be a two-point homogeneous space. Then the unit vector field ξ = uh/r
on the pointed tangent bundle (T M \ M, gS) is both minimal and harmonic and determines a
harmonic map.
Next, if we take a complex space form (M, g, J ) as base manifold, we obtain additional
natural unit vector fields on T M \ M and we have the following analogue of Theorems 3, 4
and 5:
Theorem 8. Let (M, g, J ) be a complex space form. Then the unit vector fields (Ju)v/r and
(cosα u+sinα Ju)h/r ,α ∈ R, on (T M\M, gS) are both minimal and harmonic and determine
harmonic maps.
The proofs go along the same lines as those in the case of the unit tangent sphere bundle.
One notable difference is that (Ju)v/r is no longer a geodesic vector field, but this has little
influence on the proofs.
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